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Closed-Loop Cadence and Instantaneous Power
Control on a Motorized Functional
Electrical Stimulation Cycle
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Abstract— Motorized functional electrical stimulation (FES)
cycling is a rehabilitation therapy in which electrical stimulation
is used to activate lower body muscles to pedal a cycle in conjunction with motorized assistance. FES cycling has been demonstrated to improve cardiovascular parameters, muscle mass, and
motor control of people with neurological conditions (NCs).
A common FES cycling objective is simultaneous cadence and
power (torque) tracking; however, it is unclear how to best coordinate the FES and motor contributions and if power should be
tracked instantaneously or averaged over a period of time. This
article develops a new FES cycling controller using a switched
Lyapunov-like dwell-time analysis for the nonlinear, uncertain
cycling system to conclude global exponential cadence tracking
and uniformly ultimately bounded power tracking. To evaluate
the performance of the developed controller, comparisons are
made with two previously developed FES cycling controllers
through experiments on seven able-bodied participants and six
participants with NCs. For a desired cadence of 50 RPM and a
desired power of 10 W, the developed controller demonstrated
the smallest tracking errors with an average cadence and power
error of 0.01±1.03 RPM and 0.00±0.94 W, respectively, in
the able-bodied population and an average cadence and power
error of 0.02±1.87 RPM and 0.00±2.46 W, respectively, in the
population of people with NCs. Results suggest that the electric
motor should be used to track cadence and the FES induced
muscle torques should be used to track instantaneous power.
Index Terms— Functional electrical stimulation (FES),
Lyapunov, nonlinear control, power tracking, rehabilitation,
switched system.
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I. I NTRODUCTION

R

EHABILITATIVE therapies can lead to significant
improvements in the activities of daily living for
people with movement impairments due to neurological
conditions (NCs) such as stroke, spinal cord injury (SCI),
traumatic brain injury (TBI), cerebral palsy (CP), multiple
sclerosis (MS), and others. Such NCs can reduce a person’s
strength, endurance, or limb control, mitigating their ability to
voluntarily achieve certain functional tasks or the associated
desired training effects. A common rehabilitation option for
movement impairments is to coordinate limb motions by eliciting muscle contractions through functional electrical stimulation (FES). For example, FES of the lower body muscles
is often used by therapists to facilitate cycling tasks (along
with motorized assistance), yielding improvements in musculoskeletal and cardiorespiratory fitness as well as other neurological, physiological, and psychological measures [1]–[3].
Stationary FES cycling is a popular rehabilitative therapy because fall risks associated with other therapies are
mitigated, it can provide sufficient intensity and repetitive
practice of coordinated limb movements critical for facilitating nervous system reorganization, and promote potential
beneficial changes in the neuromuscular system [4], [5].
However, the metabolic efficiency of FES cycling is significantly lower than volitional cycling [6] due to poor control of the muscle groups, unfavorable biomechanics and
nonphysiological muscle recruitment [7], non-optimal stimulation parameters [8], [9], fatigue [10]–[12], and other factors (see [13]–[15]). Increasing the efficiency and power
output (PO) of FES cycling is desirable because it can
reverse muscle atrophy and cultivate fatigue resistant muscle fibers [10], increase cardiovascular parameters [15], and
provide additional health benefits (see [7], [8], [12], [16]).
Multiple strategies have been employed to increase the PO of
FES cycling such as cadence strategies [7], [14], creating the
optimal pedal path [8], releasing the ankle joint [13], using a
fixed gear cycle [17], using higher stimulation currents [10],
and modifying the stimulation frequency and pattern [9].
Although FES cycling has been used as a rehabilitative therapy
for decades, it has gained recent attention due to events such
as the Cybathalon FES cycling race. Given the nature of the
event, all racers used open-loop methods or rider controlled
parameters [18], where the efficiency advantages of implanted
electrodes were demonstrated by the winning team in 2016.
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From a control systems perspective, FES cycling is an
example of a switched system in the sense that there are
continuous physical dynamics of the limbs and the cycle, yet
there are discrete logical jumps necessary to engage different
muscle groups of the legs, potentially engage a motor for
assistance, or discretely turn on/off the control (motivated
by different stimulation schemes or the desire to allow the
rider to contribute all the torque). However, few results
consider the fact that such switching could yield degraded
performance or even destabilizing effects. Although past FES
cycling studies have been produced which control FES cycles
using open-loop methods [19], or closed-loop methods such
as linear [20] or nonlinear control techniques (e.g., fuzzy
logic, sliding mode) [21], generally, the FES-cycling community has only addressed the ramifications of having a
switched input by examining different regions to activate the
muscle if at all (see [7], [19], [22]–[24]). The only control
developments that are based on a nonlinear stability analysis
that considers the impacts of switching during FES cycling
are [25]–[28] and our precursory results in [29] and [30],
which led to the current result, and investigates switched
systems tools for simultaneous cadence and power tracking.1
Based on the idea that the limited bandwidth of electrically stimulated muscle groups inhibits torque tracking, few
torque/power tracking results are available for instantaneous
torque tracking (see [20], [21], [29]), discretized torque tracking (see [30], [31]) (which periodically updates the controller
based on a power reading averaged over a region of the
crank), or track power only when kinematically efficient
(see [27]), and instead analyze PO outside the control loop
(see [15], [19], [32]).
Compared to our recent work in [28], which utilizes a repetitive learning controller to track a time-periodic cadence trajectory, this article and the associated precursory results in [29]
and [30], examine simultaneous cadence and power tracking
for an uncertain nonlinear FES cycle using Lyapunov-based
and switched systems analysis tools, including a dwell-time
analysis. From a rehabilitation perspective, power tracking is
desirable in the sense that high PO can help to prevent muscle
atrophy, delay fatigue, increase cardiovascular parameters and
provide additional health benefits [7], [8], [10], [12], [15], [16].
Building on the development in [29], a running integral is
employed to allow for instantaneous power tracking. In addition, the effect of switching between different actuators is considered for both cadence and power tracking objectives using a
novel Lyapunov-like switched system stability analysis, which
yields global exponential cadence tracking and uniform ultimately bounded (UUB) power tracking. This article updates
the power tracking error instantaneously, compared to once
per crank cycle as in [30], and heuristically is better able to
accommodate for rider asymmetries because each leg receives
a unique stimulation pattern, compared to each leg receiving
the same pattern, as in [30]. Furthermore, the electric motor
is used for cadence tracking, which is the opposite strategy of
the development in [29].
Experiments are conducted on seven able-bodied participants and six participants with NCs. The experimental results
1 Within the scope of this work, power tracking and torque tracking are
synonymous.
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provide insights for open questions related to the coordination
between the contributions made by FES and the electric
motor and if power should be tracked instantaneously (as
in this article) or averaged over a period of time (as is typical
in practice). Specifically, the experimental results from the
instantaneous power tracking controller in this article showed
improvements over the controllers in [29] and [30]. The comparison to the controllers in [29] and [30] provides insight into
strategies for the division of effort between the electric motor
and neuromuscular contributions, and into strategies that use
instantaneous versus averaged torque feedback, respectively.
II. DYNAMICS
A. Cycle-Rider Dynamics
The combined cycle-rider dynamics are [26]2

bm (q, q̇)u m (t) + be u e (t) = M(q)q̈
m∈M

+V (q, q̇)q̇ + G(q) + P(q, q̇) + bc q̇ + d(t)

(1)

where q : R≥0 → Q, q̇ : R≥0 → R, and q̈ : R≥0 → R
denote the crank angle (measurable), velocity (calculable),
and acceleration, respectively. The set of Q ⊆ R denotes
the possible angles of the crank. The torques applied about
the crank axis by the combined inertial, centripetal-Coriolis,
and gravitational effects are denoted by M : Q → R>0 ,
V : Q × R → R, and G : Q → R, respectively, and
the torques applied about the crank by the rider’s passive
viscoelastic tissue forces are denoted by P : Q × R → R.
The viscous damping effects applied by the cycle are denoted
by bc : R≥0 → R and unmodeled disturbances are denoted
by d : R≥0 → R. The inputs to the system include the rider’s
primary leg muscle groups (activated via FES) and the cycle’s
electric motor coupled to the drive chain. The torque applied
by the rider’s muscles is defined as τm : Q×R×R≥0 → R, and
is the product of the uncertain muscle control effectiveness,3
denoted by bm : Q×R → R>0 , and the subsequently designed
FES muscle control current input, u m: R≥0 → R, summed
across the muscle groups [i.e., τm  m∈M bm (q, q̇)u m (t)].
The subscript m ∈ M  {R Q, RG, R H, L Q, LG, L H }
indicates the right (R) and left (L) quadriceps femoris (Q),
gluteal (G), and hamstring (H ) muscle group, respectively,
which denote the stimulated muscle groups.
The torque applied by the cycle’s electric motor is defined as
τe : R≥0 → R, and is the product of the known motor control
constant, be ∈ R>0 , and the subsequently designed motor
control current input, u e : R≥0 → R [i.e., τe  be u e (t)].4
B. Switched System
As in results such as [25], [26], [30], FES-cycling is accomplished by switching the stimulation input to different muscle
groups based on the region of the crank cycle (i.e., the FES
2 For notational brevity, all explicit dependence on time, t, within the terms
q(t), q̇(t), q̈(t) is suppressed.
3 Although the muscle control effectiveness includes dynamic effects such as
fatigue and electromechanical delay, they are not captured within the dynamics
presented but instead addressed in Section V-B.
4 For notational brevity, all functional dependence on system states and time
are hereafter suppressed unless required for clarity of exposition.
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Fig. 1. Sample crank cycle illustrating the FES and KDZ regions. Highlighted
within the FES regions are the regions where it is efficient to stimulate the
gluteals (glute), quadriceps (quad), and hamstrings (ham). Crank positions
qnFES and qnKDZ denote the points at which the crank enters the FES and
KDZ regions of cycle n, respectively. Cycle n refers to the nth time the crank
enters the FES region. Image reproduced from [25].

regions) designed a priori based on the kinematic effectiveness
of the torque transferred to the crank axis from the muscle.
In regions of the crank where it is inefficient to stimulate
muscle, a kinematic deadzone (KDZ) region exists and no
muscle stimulation is applied. The stimulation regions are
based on the work in [26], denoted by Qm ⊂ Q, and designed
such that backpedaling is prevented and stimulation is only
applied when each muscle group can positively contribute to
the motion of the crank. The union of all muscle regions
establishes the FES region, defined as QFES  ∪ Qm ,
m∈M

and the KDZ region as the remainder of the crank cycle,
i.e., QKDZ  Q\QFES . The FES and KDZ regions are depicted
in Fig. 1.
The stimulation input to the muscle groups and the current
input to the electric motor are defined as
u m  km σm u tor
(2)
u e  ke u cad

(3)

where km , ke ∈ R>0 are positive constant control gains,
u tor , u cad : R≥0 → R denote the subsequently designed
control inputs for the muscle and motor, respectively, and
σm : Q → {0, 1} denotes the switching signal for each
muscle group, defined as 
1, q ∈ Qm
σm 
(4)
0, q ∈
/ Qm
∀m ∈ M. Substituting (2) and (3) into (1) and rearranging
terms yields the switched system
Bσ u tor + Be u cad = M q̈ + V q̇ + G + P + bc q̇ + d (5)
where Bσ : Q × R → R is the combined, switched control
effectiveness muscle term, and Be ∈ R>0 , is the control
effectiveness motor term, each 
defined as
bm km σm
(6)
Bσ (q, q̇) 
m∈M

Be  b e k e

(7)

respectively. The index of Bσ , σ : Q → {1, 2, . . . , l}, l ∈
N specifies which muscle groups(s) are stimulated, where
l denotes all the possible permutations of stimulated muscle groups. The switched system in (5) has the following
properties [26].

Property 1: cm ≤ M ≤ c M , where cm , c M ∈ R>0 are
known constants. Property 2: |V | ≤ cV |q̇|, where cV ∈ R>0
is a known constant. Property 3: |G| ≤ cG , where cG ∈ R>0
is a known constant. Property 4: |P| ≤ c P1 + c P2 |q̇|, where
c P1 , c P2 ∈ R>0 are known constants. Property 5: bc ≤ cb ,
where cb ∈ R>0 is a known constant. Property 6: |d| ≤ cd ,
where cd ∈ R>0 is a known constant. Property 7: Ṁ − 2
V = 0, by skew-symmetry. Property 8: The uncertain muscle
control effectiveness, bm , is subject to nonlinear activation
dynamics and a muscle fiber recruitment curve (commonly
represented by sigmoidal function) [33], [34]. Based on [35],
the function relating the stimulation input current to output
torque is bounded by bm ≤ bm ≤ bm , ∀m ∈ M, where
R>0 are known constants. Hence, when q ∈
bm , bm ∈ 
QFES (i.e.,
m∈M σm > 0), the lumped switched control
effectiveness term is also bounded by Bσ ≤ Bσ ≤ Bσ ,
where Bσ , Bσ ∈ R>0 are known constants.
C. Torque Dynamics
The dynamics in (1) can be rewritten as
τm + τe = τ p + τc

(8)

where the torques applied about the crank axis by the rider’s
muscles, the electric motor, the rider’s passive effects, and
the cycle are denoted by τm : Q × R × R≥0 → R, τe :
Q×R×R≥0 → R, τ p : Q×R2 → R, and τc : R2 ×R≥0 → R,
respectively. Motivated by the need to separate the torque
contribution of the motor and muscles, when no stimulation
is applied, τm ≡ 0, and (8) simplifies to
τest = τ p + τc

(9)

where τest : Q×R2 ×R≥0 → R is an auxiliary term defined as
τest  τe when no stimulation is applied. The structure of (9)
is motivated by the fact that τ p and τc represent the passive
rider and cycle dynamics, respectively, which are amenable to
pretrial estimation. Based on the structure of (9), the following
assumptions are made.
Assumption 1: The disturbances and auxiliary terms are
sufficiently smooth in the sense that ḋ, τest , τ̇est ∈ L∞ [30].
Assumption 2: A continuously differentiable estimate
of τest , denoted by τ̂est : Q × R2 × R≥0 → R, can be
generated during preliminary testing such that the estimate
error, τ̃est : Q × R2 × R≥0 → R defined as
τ̃est  τ̂est − τest

(10)

is bounded by |τ̃est | ≤ cest , where cest ∈ R≥0 is a known
constant. This assumption is reasonable provided no stimulation is applied during preliminary testing (i.e., τm = 0),
the disturbances are sufficiently small when τest is generated,
and the desired trajectory is the same during the generation of
τest and the actual experimental trial [30].
The muscle torque can be rewritten by subtracting τ̂est
from (8) and using (10) as
τm = τ̂est − τe + τ̃est .

(11)

Defining the estimate of the muscle torque, τ̂m : Q × R2 ×
R≥0 → R, as
τ̂m  τ̂est − τe
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and subtracting (12) from (11) yields the muscle torque
estimation error, τ̃m : Q × R2 × R≥0 → R, defined as
τ̃m  τ̂m − τm

(13)

which can be bounded by |τ̃m | ≤ cest , where cest was defined
in Assumption 2.
III. E RROR S YSTEM D EVELOPMENT
is

quantified

by

where α ∈ R>0 is a constant control gain. Taking the
derivative of (15), multiplying it by M, adding and subtracting e1 , then substituting (5), (14), and (15) yields the open-loop
cadence error system
M ė2 = χ1 − e1 − V e2 − Be u cad − Bσ u tor .
(16)
The lumped auxiliary term, χ1 : Q×R×R≥0 → R, defined as
χ1  M(q̈d +α ė1 )+V (q̇d +αe1 )+G + P +bc (q̇d +αe1 −e2 )+
d + e1 can be upper bounded as |χ1 | ≤ c1 + c2 z + c3 z 2
by Properties 1–6, where c1 , c2 , c3 ∈ R>0 are known the
constants, defined as
c1  c M cq2 +

where t0 ∈ R≥0 represents the initial time, and the derivative
of (20), given by
ė3 = τm,d (t) − τ̂m (t)

(14)

where qd : R≥0 → R denotes the desired angular trajectory
which is sufficiently smooth (i.e., q̇d , q̈d ∈ L∞ ) and bounded
by qd ≤ cq0 , q̇d ≤ cq1 , and q̈d ≤ cq2 . To facilitate the control
development and stability analysis, an auxiliary tracking error
e2 : R≥0 → R is defined as
e2  ė1 + αe1
(15)

2
cV cq1

where τm,d : R≥0 → R denotes the sufficiently smooth
(i.e., τm,d , τ̇m,d ∈ L∞ ) desired torque trajectory which is
bounded by τm,d ≤ cτ 0 and τ̇m,d ≤ cτ 1 . To facilitate the subsequent analysis, the torque tracking objective is represented
as a integral, denoted by e3 : R≥0 → R, and defined as [36]
 t
e3 
(τm,d (ψ) − τ̂m (ψ))dψ
(20)
t0

A. Position and Cadence Error Systems
The position tracking objective
e1 : R≥0 → R, defined as
e1  q d − q

+ cG + c P1 + c P2 cq1 + cb cq1 + cd
(17)
(19)

where · denotes the standard Euclidean norm, and the error
vector z ∈ R2 is defined as z  [e1 , e2 ]T .
B. Torque Error System
Compared to discrete torque (i.e., power) tracking, instantaneous torque tracking offers numerous benefits. With discretized tracking where the error system is updated once per
crank cycle, the control input is updated once per crank cycle
and result in both legs receiving identical stimulation. Such
an approach fails to isolate the capabilities of either leg as
the control input is based on the error generated from the
contribution of both the legs as a whole. In addition, because
the error is updated at the same point every cycle, the initially
(i.e., soon after the error update) stimulated muscle groups
receive a control input that reflects the error with little delay,
but other muscle groups receive a considerably delayed input.
Over the course of an experiment, this effect can culminate in
one-sided fatigue and could potentially mitigate rehabilitation
outcomes. For this reason, the torque tracking objective in this
article is to prove that the estimated muscle torque instantaneously tracks the desired muscle torque (i.e., τ̂m → τm,d ),

(21)

represents the true torque tracking error. Motivated by the
result in [36] and the subsequent stability analysis, the form
of the tracking error in (20) was designed such that the subsequently designed torque controller is able to directly influence
the derivative in (21), and hence, the closed-loop error system.
Substituting (12) into (20) and taking its derivative, then
inserting (2), (6), (8), and (9) yields the open-loop torque error
system
ė3 = χ2 − Bσ u tor .

(22)

The lumped auxiliary term, χ2 : Q × R2 × R≥0 , defined
as χ2  τ̃est + τm,d , can be upper bounded as |χ2 | ≤ c4 by
Assumption 2, where c4 ∈ R>0 is a known constant defined as
c4  cest + cτ 0 .

(23)

C. Closed-Loop Error Systems
Based on (16), (22), and the subsequent stability analysis,
the controllers are designed as
u cad =

c2  (c M α + c P2 + cb )(α + 1) + cV cq1 (2α + 1) + 1 (18)
c3  cV α(α + 1)
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1
[(k2 + k3 z + k4 z
Be

2

+ k5 |u tor |)sgn(e2 ) + k1 e2 ]
(24)

u tor

1
=
[k6 e3 + k7 sgn(e3 )]
Bσ

(25)

where ki ∈ R≥0 ∀i = 1, 2 . . . , 7 denote constant control
gains and sgn(·) : R → [−1, 1] denotes the signum function.
Substituting (24) and (25) into (16) and (22), respectively,
yields the closed-loop error systems
M ė2 = χ1 − e1 − V e2 − Bσ u tor
− [(k2 + k3 z + k4 z
ė3 = χ2 −

2

+ k5 |u tor |)sgn(e2 ) + k1 e2 ]
(26)

Bσ
[k6e3 + k7 sgn(e3 )].
Bσ

(27)

The block diagram for the combined cycle-rider system is
shown in Fig. 2.
IV. S TABILITY A NALYSIS
To ensure overall system stability, both the cadence and
torque error systems must be analyzed in the FES and
KDZ regions along with analyzing the effect of switching
between the subsystems. Because cadence is regulated with
the electric motor throughout the entire crank cycle, switching
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h 1  [ė1 ė2 ]T . The time derivative of (28) exists almost
everywhere (a.e.) (i.e., for almost all t ∈ [t0 , ∞)), and
a.e.
V̇1 (z) ∈ Ṽ˙1 (z), where Ṽ˙1 is the generalized time derivative of (28) along the Filippov trajectories of ż = h 1 (z)
∩ ξ T K [h 1 (z) 1]T , where
and is defined as [38] Ṽ˙1 
ξ ∈∂ V1 (z)

∂ V1 is the Clarke generalized gradient of V1 . Since V1 is
continuously differentiable in z, ∂ V1 = {∇V1 }; thus,Ṽ˙1 ⊆
[e1 Me2 (1/2) Ṁe22 ]K [h 1 (z) 1]T . Using the calculus of K [·]
from [38], substituting (15), (25), and (26) into the result yields
Fig. 2. Block diagram representing the closed-loop feedback structure of
combined cycle-rider system. The muscle controller and the motor controller
are given in (2) and (3), respectively. The muscle, motor, and FES cycle
dynamics are modeled as in (1) and the passive torques are obtained according
to Assumption 2.

Ṽ˙1 ⊆ −αe12 + e2 χ1 +

1
Ṁ − V e22 − k1 e22
2
− (k2 + k3 z + k4 z 2 )K [sgn(e2 )]e2
k5
− (k6 |e3 | + k7 K [|sgn(e3 )|])K [sgn(e2 )]e2
Bσ
K [Bσ ]
−e2
(k6 e3 + k7 K [sgn(e3 )])
(33)
Bσ

occurs between stabilizable subsystems. Therefore, Theorem 1
includes a common Lyapunov function to demonstrate exponential cadence tracking for all time. Torque, however, is only
regulated in the FES region using the rider’s muscles; this
leads to incomplete control authority and opportunities for
error growth in the KDZ region. Theorems 2–4 include an
additional candidate Lyapunov function that not only establishes an ultimate bound on the torque error system but
also its derivative (i.e., the true torque objective). For the
following analysis, let V1 : R2 → R and V2 : R → R
denote continuously differentiable, positive definite candidate
Lyapunov functions defined as

where K [sgn(·)] = SGN(·) such that SGN(·) = {1} if (·) > 0,
[−1, 1] if (·) = 0, and {−1} if (·) < 0; and K [|sgn(·)|] =
|SGN(·)| such that |SGN(·)| = {1} if (·) = 0, and [0, 1] if
(·) = 0. To illustrate convergence for all time, the expression
in (33) must be evaluated when q ∈ QFES and q ∈ QKDZ .
For q ∈ QFES , K [Bσ ] can be upper bounded by Bσ , hence
a.e.
by Properties 7 and 8, and since V̇1 (z) ∈ Ṽ˙1 (z), (33) can be
bounded as

1 2 1
e + Me22
(28)
2 1 2
1
(29)
V2  e32 .
2
The candidate Lyapunov function V1 satisfies the following
inequalities:

Using Properties 1–6 allows (34) to be further upper
bounded as

V1 

λ z

2

≤ V1 ≤ λ z

2

(30)

where λ, λ ∈ R>0 are known constants defined as λ 
min((1/2), (cm /2)), λ  max((1/2), (c M /2)).
Theorem 1: For q ∈ Q, the closed-loop error system in (26)
yields global exponential position and cadence tracking in the
sense that



1
λ
z(tn ) exp − (t − tn )
(31)
z(t) ≤
λ
2
∀t ∈ [t0 , ∞), ∀n, where n ∈ N represents the nth iteration the crank enters/exits an FES region, and consequently,
the nth iteration the crank enters/exits a KDZ, and  ∈ R>0
is defined as   (1/λ) min(α, k1 ), provided the following
gain conditions are satisfied:
k 2 ≥ c1 , k 3 ≥ c2 , k 4 ≥ c3

(32)

and k5 ≥ Bσ if q ∈ QFES , k5 = 0 if q ∈ QKDZ , where
c1 , c2 , c3 , and Bσ are defined in (17)–(19), and Property 8,
respectively.
Proof: Let z(t) be a Filippov solution to the differential
inclusion ż ∈ K [h 1 ](z), where K [·] is defined as in [37], and
where h 1 : R2 → R2 is defined using (15) and (26), as

a.e.

V̇1 ≤ −αe12 + |e2 χ1 | − k1 e22 − |e2 |(k2 + k3 z + k4 z 2 )
(k5 − Bσ )
−
|e2 |(k6 |e3 | + k7 ).
(34)
Bσ

a.e.

V̇1 ≤ −αe12 − k1 e22 − λ1 |e2 | − λ2 |e2 | z
λ4
− λ3 |e2 | z 2 −
|e2 |(k6 |e3 | + k7 )
Bσ

(35)

where λi ∈ R, ∀i ∈ I = {1, 2, 3, 4} are known constants
defined as λ1  k2 − c1 , λ2  k3 − c2 , λ3  k4 − c3 , λ4 
k5 − Bσ . By Property 8, (35) holds for all Bσ ; hence, (28) is
verified as a common Lyapunov function across the controlled
regions. Provided the gain conditions in (32) are satisfied, λi ≥
0, ∀i ∈ I, and (35) can be upper bounded as
a.e.

V̇1 ≤ −V1

(36)

where  was previously defined. Solving the differential
inequality yields
V1 ≤ V1 tnFES exp −  t − tnFES .

(37)

When evaluating (33) for q ∈ QKDZ , Property 7, and the
fact that k5 = 0 if q ∈ QKDZ , allows (33) to be bounded as
a.e.

V̇1 ≤ −αe12 + |e2 χ1 | − k1 e22 − |e2 |(k2 + k3 z + k4 z 2 ).
(38)
Properties 1–6 allow (38) to be further upper bounded as
a.e.

V̇1 ≤ −αe12 − k1 e22 − (λ1 + λ2 z + λ3 z 2 )|e2 |
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which can further be upper bounded as (36) provided the
gain conditions in (32) are satisfied. Hence, (28) is a common
Lyapunov function for all time. Based on (30) and (36), the
result in (31) can be obtained, and from the closed-loop error
systems, the controller in (24) is bounded. Hence, the first
control objective is satisfied (i.e., cadence tracking).
Because incomplete control authority exists over the torque
tracking objective (i.e., the rider’s muscles are stimulated in
the FES region, but not in the KDZ region), the following
theorem is employed to establish a decay rate on the torque
error system in the FES region and a growth rate in the KDZ
region.
Theorem 2: For q ∈ QFES , the closed-loop error system
in (27) yields exponential torque tracking in the sense that


(40)
|e3 (t)| ≤ e3 tnFES exp − k6 t − tnFES
∀t ∈ [tnFES , tnKDZ ) and
crank enters QFES of

∀n, where
∈ R≥0 is the time the
cycle n, provided the gain conditions
in (32) and the following constant gain condition is satisfied:
tnFES

k 7 ≥ c4

(41)

where c4 was introduced in (23). In addition, for q ∈ QKDZ ,
the torque tracking error can be bounded as
|e3 (t)|
⎧
√
√
⎪
⎨ |e3 tnKDZ |2 + c4 8 t − tnKDZ , for |e3 | ≤ 2
≤
√
c4
⎪
⎩|e3 tnKDZ | exp √ t − tnKDZ , for |e3 | > 2
2

(42)

FES ), and ∀n, where t KDZ ∈ R
∀t ∈ [tnKDZ , tn+1
≥0 is the time the
n
crank enters QKDZ (i.e., exits QFES ) of cycle n.
Proof: Using a similar strategy to that employed in
Theorem 1 for (27) yields

Bσ
k6 e32 + k7 K [sgn(e3 )]e3
Ṽ˙2 ⊆ e3 χ2 −
Bσ

(43)

where K [Bσ ] = Bσ within the FES regions. By Property 8,
a.e.
and since V̇2 (e3 ) ∈ Ṽ˙2 (e3 ), (43) can be bounded using
Assumption 2 as
a.e.

V̇2 ≤ −k6 e32 − λ5 |e3 |

(44)

where λ5 ∈ R is a known constant defined as λ5  k7 − c4 .
By Property 8, (29) is verified as a common Lyapunov function
across the controlled regions. Provided the gain condition
in (41) is satisfied, (44) can be upper bounded as
a.e.

V̇2 ≤ −2k6 V2 .

(45)

Solving the differential inequality in (45) yields
V2 ≤ V2 tnFES exp − 2k6 t − tnFES .

(46)

Hence, by (29), the result in (40) can be obtained.
When q ∈ QKDZ , the control input term k5 u tor = 0, and
the expression in (43) can be written as
Ṽ˙2 ⊆ e3 χ2

(47)
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a.e.
because Bσ = 0. Using (29), and since V̇2 (e3 ) ∈ Ṽ˙2 (e3 ), (47)
can be upper bounded as

a.e.
(48)
V̇2 ≤ c4 2V2 .

From (48)

 √
if V2 ≤ 1
c4 2,
√
.
V̇2 ≤
c4 2V2 , if V2 > 1
a.e.

(49)

By invoking the Comparison Lemma [39, Lemma 3.4] for each
case

√
if V2 ≤ 1
V2 tnKDZ + c4 2 t − tnKDZ ,
√
.
(50)
V2 ≤
KDZ
KDZ
exp c4 2 t − tn
, if V2 > 1
V2 tn
Using (29) provides the result in (42), and from the closed-loop
error systems, the controller in (25) is bounded.
Despite the growth of the torque error system in the
KDZ region, the following theorem leverages the results of
Theorem 2 to guarantee convergence to an ultimate bound
through dwell-time conditions which manifest themselves as
a minimum and maximum allowable cadence.
Theorem 3: For q ∈ Q, the closed-loop error system in (27)
yields a uniformly ultimately bounded torque tracking error in
the sense that

√
√
FES + c
KDZ
(51)
|e3 (t)| ≤ 4 exp − 2k6 tmin
4 2 tmax ≤ 2
∀t ∈ [t0 , ∞) when (41) and the following gain condition is
satisfied:

 √
√
KDZ
KDZ ln 1 − c
c4 2 tmax
4 2 tmax
k6 ≥ max
,
FES
FES
2 tmin
2 tmin
√
FES ,
KDZ < (1/c
KDZ ∈
in addition to tmax
tmin
tmax
4 2), where
R>0 are known constants defined as
FES
tmin
 min tnKDZ − tnFES
KDZ
tmax

 max

FES
tn+1

− tnKDZ

(52)
(53)

which denote the minimum allowable dwell-time in the FES
region and the maximum allowable dwell-time in the KDZ
region, ∀n, as dictated by the selectable minimum and maximum allowable cadences, respectively.
Proof: By evaluating V2 at the switching instances
(i.e., V2 (tnFES )) and enforcing
FES
≤ V2 tnFES
V2 tn+1

(54)

an ultimate bound is guaranteed to exist. Specifically,
using (46) and (50), (54) can be rewritten as
FES
V2 tn+1
⎧
V2 tnFES exp − 2k6 tnKDZ − tnFES
⎪
⎪
⎪
⎨+c √2 t FES − t KDZ ,
if V2 ≤ 1
4
n
n+1
≤
.
FES exp − 2k t KDZ − t FES
⎪
t
V
2
6
⎪
n
n
n
⎪
√ FES
⎩
− tnKDZ , if V2 > 1
+c4 2 tn+1
(55)
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By examining the worst case scenario (i.e., inserting the
minimum and maximum allowable dwell-times), (55) can be
bounded as
FES
V2 tn+1

√
FES +c
KDZ
V2 tnFES exp − 2k6 tmin
4 2 tmax , if V2 ≤ 1
√
≤
.
FES
KDZ
FES
exp c4 2 tmax −2k6 tmin ,
if V2 > 1
V2 tn
(56)

Examining (56), when V2 ≤ 1, and inserting the largest
possible initial condition [i.e., V2 (tnFES ) = 1], (56) simplifies to
√
FES
FES
KDZ
≤ exp − 2k6 tmin
+ c4 2 tmax
V2 tn+1
.
(57)
FES ) needs to be less than the
To enforce overall decay, V2 (tn+1
FES
initial condition (i.e., V2 (tn+1 ) < 1), and (57) becomes
√
FES
KDZ
+ c4 2 tmax
1 ≥ exp − 2k6 tmin

which can be solved for the gain condition
√
KDZ
ln 1 − c4 2 tmax
k6 ≥
.
FES
2 tmin
Hence, for V2 ≤ 1, the ultimate bound is
√
FES
KDZ
V2 ≤ exp − 2k6 tmin
≤ 1.
+ c4 2 tmax

(58)

(59)

Examining (56) when V2 > 1 and imposing the following
gain condition will result in overall exponential decay to the
smallest possible bound (i.e., limt →∞ V2 = 1)
√
KDZ
c4 2 tmax
k6 ≥
.
(60)
FES
2 tmin
Because overall decay is enforced for both the above conditions (i.e., V2 ≤ 1 and V2 > 1), the overall ultimate bound is
given by (59) provided the gain conditions in (58) and (60)
are satisfied. Fig. 3 provides an example decay to the ultimate
bound using (46) and (50). Bounding (59) with (29) provides
the result in (51).
Where Theorem 3 establishes an ultimate bound for the
integral torque tracking error (i.e., e3 ), Theorem 4 provides
a bound on the instantaneous torque tracking error (i.e., ė3 ).
Theorem 4: For q ∈ Q, the closed-loop error system in (27)
yields a uniformly ultimately bounded instantaneous torque
tracking error in the sense that

√
a.e.
Bσ
FES +c
KDZ
k7 +4k6 · exp −2k6 tmin
|ė3 | ≤ c4 +
4 2 tmax .
Bσ
(61)
Proof: To establish an ultimate bound on ė3 , the result
in (43) is evaluated for q ∈ QFES and q ∈ QKDZ as
⎧
⎨e3 χ2 − Bσ k6 e2 + k7 K [sgn(e3 )]e3 , if q ∈ QFES
3
˙
Bσ
.
Ṽ2 ⊆
⎩
e3 χ 2 ,
if q ∈ QKDZ
(62)

Fig. 3.
(a) Sample Lyapunov√function evolution over n = 8 cycles
with parameters V2 (t0 ) = 4, c4 2 = 1.28, k6 = 3.56, t KDZ = 0.5s,
FES
= 0.7s (i.e., constant 50 RPM with the FES regions representing 58%
t
of the crank cycle and KDZs representing 42%). The Lyapunov function
V2,1 represents the exponential growth bound for V2 > 1 in the KDZ,
V2,2 represents the linear growth bound for V2 ≤ 1 in the KDZ, and V2,3
represents the exponential decay bound in the FES regions. (b) Same sequence
of Lyapunov functions, with an emphasis on the ultimate bound being less
than 1, obtained by adhering to the gain conditions in (58) and (60).
a.e.
Using (29), and since V̇2 (e3 ) ∈ Ṽ˙2 (e3 ), (62) can be rewritten
as
⎧
Bσ
⎨
(k6 e3 + k7 K [sgn(e3 )]), if q ∈ QFES
a.e. χ2 −
Bσ
ė3 =
⎩
χ2 ,
if q ∈ QKDZ .
(63)

Establishing the most aggressive decay and growth rate for the
FES and KDZ regions, respectively, will provide an ultimate
bound on ė3 . For q ∈ QFES , (63) must be lower bounded.
Using Property 8, and bounding yields
a.e.

ė3 ≥ −c4 −

Bσ̄
(k6 |e3 | + k7 ).
Bσ

(64)

For q ∈ QKDZ , (63) must be upper bounded, which when
combined with (23) yields the most aggressive growth rate in
the KDZ regions given by
a.e.

ė3 ≤ c4 .

(65)

After combining the bounds in both the FES and KDZ regions
[i.e., (64) and (65)] with the ultimate bound on e3 given
in (51), the maximum absolute value of the two is taken to
obtain the ultimate bound on ė3 in (61).
V. E XPERIMENTS
Experiments were conducted to validate the performance
of the developed controller, henceforth labeled Controller A,
in both an able-bodied population and a population with
varied NCs. To further examine the performance compared
to alternate methods of cadence and power control, two
other controllers were implemented, labeled Controller B and
Controller C, whose development and stability analyses are
available in [29] and [30], respectively. While the forms of the
three controllers are different, all have the same objective of
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stimulator by the control software. An emergency stop button
was fastened to the tricycle that enabled the participant to
immediately stop the experiment if desired.
B. Experimental Methods

cadence and power tracking. Although the tracking objectives
in the FES regions vary, all three controllers utilize the motor
to track cadence in the KDZ regions because no muscles are
activated; see Table I for details.
Although the error systems and controllers take different
forms, a side-by-side comparison is made because all controllers possess the same desired cadence and power trajectories for a given participant. By comparing the three
controllers, insights are provided to determine which actuator
(i.e., muscle or motor) results in better tracking performance of
the objectives (i.e., cadence or power) and which is the better
method to track power (i.e., instantaneously or discretely).
A. Experimental Testbed
The experimental testbed consisted of a stationary TerraTrike Rover recumbent tricycle mounted on a Kinetic Bike
Trainer. A 250-W, 24-V dc brushed motor, by Unite Motor Co.
Ltd., was mounted under the frame of the cycle and was coupled to the drive chain to allow for motor assistance/resistance.
The motor was interfaced with an ADVANCED Motion
Controls5 (AMC) PS300W24 power supply and an AMC
AB25A100 motor driver. An AMC FC15030 filter card was
wired between the motor and power supply to reduce electrical
noise. The crank angle was measured using a US Digital
H5 optical encoder coupled to the crank through gears. Brackets attached to commercially available bike pedals allowed
for the mounting of orthotic boots which fix the rider’s feet
to the pedals and prevent dorsiflexion and plantarflexion of
the ankles, maintaining sagittal alignment of the legs. Torque
applied about the crank was measured using an SRM Science Road Wireless Powermeter mounted to the bike crank.
A Quanser Q8-USB DAQ was used to interface with the
encoders, motor driver, and powermeter. Controllers were
implemented on a computer using MATLAB/Simulink, Quarc,
and Windows 7 at a sample rate of 500 Hz. A Hasomed
Rehastim 1 current-controlled stimulator delivered biphasic,
symmetric, rectangular pulses to the participant’s muscle
groups via bipolar, self-adhesive, PALS electrodes.6 The
stimulation was applied at 60 Hz and amplitudes were fixed at
90, 80, and 70 mA for the quadriceps, hamstrings, and gluteals,
respectively. The stimulation pulsewidth for each muscle group
was determined by the controller and commanded to the
5 ADVANCED Motion Controls supported the development of this testbed
by providing discounts on their branded items.
6 Surface electrodes for this study were provided compliments of Axelgaard
Manufacturing Co., Ltd.

Seven able-bodied participants (five male and two female)
with ages ranging from 21 to 43 years old, and six participants
with NCs (four male and two female) with ages ranging from
20 to 48 years old participated in the experimental protocol. Participants were either recruited through the University
of Florida (UF) Health Integrated Data Repository (UF Consent2Share project) and completed the FES-cycling protocol at
UF or were enrolled at Brooks Rehabilitation Hospital in Jacksonville, FL. All participants gave written informed consent
approved by the UF Institutional Review Board. Able-bodied
participants were blind to the desired trajectories, and asked
to remain passive for the duration of the experiment unless
otherwise noted. Removing volitional contribution simulates a
worst case scenario where the participant’s muscles provide
no contribution to the trajectory. Although some volitional
contribution is still possible and not measured, any voluntary
contribution was only partially informed by stimulation cues
because participants were unaware of the desired trajectories.
Similar to active therapy, participants with a NC were asked
to volitionally pedal with stimulation added as needed. These
participants were shown a graph of the tracking performance
of e3 , exclusively, and asked to contribute to the control
objective to the greatest extent possible. In the able-bodied
population, all three controllers were implemented in random
order. In the population possessing neurological disorders,
Controllers A and C were implemented in the random order.
In preparation for experimentation, electrodes were placed
on the quadriceps femoris, hamstrings, and gluteal muscle
groups of a person who was seated with their feet inserted
securely into the orthotic pedals attached to the cycle. The
tricycle’s seat position was adjusted for the person’s comfort
while ensuring that full extension of the knees could not be
achieved (i.e., maintaining a minimum bend of 15o at the knee)
while cycling. Measurements including the person’s thigh and
shank length, as well as distance from the person’s greater
trochanter to the crank in both the horizontal and vertical
directions, were made to calculate the torque transfer ratios
and determine the stimulation pattern based on Qm . Prior
to stimulation, the participant’s range of motion and comfort
was verified by running the cycle at 30, 40, and 50 RPM,
sequentially. Upon reaching 50 RPM, open-loop stimulation
was applied and modulated until muscle contractions were
visible. For comfort, if the person’s threshold was reached
during calibration, the stimulation value was saved by the
controller and the stimulation was saturated at this level for
the duration of the experiment.
The estimate of the rider’s passive dynamics, τ̂est , was
generated by simultaneously running the cycle at the desired
cadence (50 RPM) while recording the torque from the
powermeter; the rider was instructed to provide no volitional
effort. Subsequently, an eighth-order Fourier fit was applied
to the recorded torque measurements to satisfy Assumption 2.
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Afterward, a 180-s experimental protocol was performed on
the participant, which began with an exponential ramp to
the desired cadence using only the motor. Upon reaching
the desired cadence, the power trajectory then began increasing along an exponential ramp until the desired power was
obtained, at which point stimulation was applied. The cadence
controller given in (24) was active during and after the cadence
ramp, where the torque controller given in (25) was only active
after the desired cadence had been reached because large muscle forces are required to move the crank at low speeds [14].
While there is no clear consensus for the optimal cadence
of FES cycles for rehabilitation, it has been suggested that
lower cadences may be more ideal for torque production, while
higher cadences may be better for power production [14].
However, for feasibility purposes, the desired cadence was set
to 50 RPM [20], [40] for both the able-bodied population and
the population with neurological impairments, without loss of
generality.
The desired power is denoted by Pd : R≥0 → R and defined
as the product of the desired torque and desired cadence
(i.e., Pd  τm,d q̇d ), and varied based on participant capability.
For feasibility purposes, the desired power trajectory was held
constant after an initial ramp to the desired value. However,
in practice, the desired power can be time-varying as long as
it remains continuously differentiable and the estimate of the
rider’s passive dynamics are collected over the same trajectory.
Although the muscles are stimulated with the controller
in (25) utilizing a torque-based error system, the following
results are displayed in terms of measured power, denoted by
P : R≥0 → R, defined as the product of the estimated rider
torque and measured cadence (i.e., P  τ̂m q̇).
To account for the unmodeled dynamics present in the
rider’s muscles, the stimulation pattern was empirically
corrected and advanced as a function of the cadence
(i.e., qstim  q + 0.1q̇), where qstim : Q × R → Q was
substituted for q in (4). Although the aforementioned gain
conditions
k2 ≥ c1 , k3 ≥ c2 , k4 ≥√c3 , k5 ≥ Bσ , k6 ≥
√ (i.e.,KDZ
FES ), (ln(1 − c
KDZ
FES
/2 tmin
max((c4 2 tmax
4 2 tmax )/2 tmin )),
k7 ≥ c4 in (32), (41), (58), and (60)) are sufficient to achieve
stability for the largest uncertainties on the system parameters,
they represent conservative gains required by the controllers
in (24) and (25). Therefore, the gain conditions provide
guidelines and bounds for the initial gain selection and the
gains can be subsequently adjusted to achieve desirable
performance as part of the experiment. The listed gains were
adjusted using an empirical-based method, but the gains
could have been adjusted using more methodical approaches.
For example, the nonlinear system in [41] was linearized at
several operating points and a linear controller was designed
for each point, and the gains were chosen by interpolating, or
scheduling the linear controllers. In [42], a neural network is
used to tune the gains of a proportional—integral—differential
(PID) controller. In [43], a genetic algorithm was used to fine
tune the gains after initialization and guesses were made by
the controller designer. Killingsworth and Krstic [44] provide
an extensive discussion on the use of extremum seeking for
tuning the gains of a PID controller. In addition, in [45], the
tuning of a PID controller for robot manipulators is discussed.

TABLE II
C OMPARATIVE R ESULTS FOR A BLE -B ODIED P OPULATION : M EAN E RROR
OF T RACKING O BJECTIVES G IVEN AS ė ± STD(ė), AND
P ERCENT E RROR OF ė D URING S TEADY-S TATE
O PERATION FOR C ADENCE AND P OWER∗

For Controller A, the controller gains in (15), (24), and (25)
were selected as k1 ∈ [5, 9], k2 ∈ [0.08, 0.10], k3 ∈
[0.02, 0.05], k4 ∈ [0.02, 0.05], k5 = 0.01, k6 ∈ [15, 60],
k7 ∈ [0.75, 4.0], α = 6; for Controller B in [29], the controller
gains were selected as k1 = 0.75, k2 = 0.1, k3 = 0.05,
k4 = 0.05, k5 = 1.5, k6 = 0.85, k7 = 0.35, α = 6; and
for Controller C in [30], the controller gains were selected
as k1 = 15, k2 = 1.5, k3 = 7.5, k4 ∈ [35, 50], k5 = 6,
k6 ∈ [30, 35], α ∈ [1, 6] across all trials.
C. Results From Able-Bodied Population
To validate the proposed controller, experiments were conducting using Controllers A, B, and C on able-bodied participants. The able-bodied population’s cadence and power results
are displayed in Table II; each controller was implemented on
each participant for a single trial.
The developed controller (i.e., Controller A) demonstrated
average cadence and power tracking errors of 0.01±1.03 RPM
and 0.00±0.94 W, respectively; Controller B demonstrated average cadence and power tracking errors of
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Fig. 4. Controller A, Participant C: Desired versus actual cadence and power.
The mean cadence is 50.01±0.70 RPM and mean power is 10.00±0.50 W.

Fig. 5. Controller A, Participant C: Stimulation input to the participant’s
six muscle groups. Muscle groups are indicated by RQ, LQ, RH, LH, RG,
LG, which represent right and left quadriceps, right and left hamstrings,
and right and left gluteals, respectively. Although the stimulation input is
activated/deactivated based on the switching signal in (4), the stimulation
input is displayed as the maximum stimulation for each muscle group in each
FES region, at the corresponding time.

−0.10±5.35 RPM and −0.01±1.72 W, respectively; and Controller C demonstrated average cadence and power tracking
errors of 0.01±0.96 RPM and −0.06±1.70 W, respectively.
For Participant C (as a typical result), plots of Controller
A’s cadence and power performance, and stimulation input
are provided in Figs. 4–6; plots of Controller B’s cadence
and power performance, and stimulation inputs are provided
in Figs. 7 and 8, respectively; and plots of Controller C’s
cadence and power performance, and stimulation inputs are
provided in Figs. 9 and 10, respectively. To compare the
current sent to the cycle’s motor for each controller, Fig. 11
displays the motor control input for Controllers A, B, and C.
For Participant C, compared to Controller C, Controller A
drew 27% more current on average and Controller B drew
58% more current on average.
1) Statistical Analysis and Discussion: To determine if
the controller significantly affected the results, a Friedman
test was conducted on the average cadence error, cadence
standard deviations, average power error, and power standard
deviations of Controllers A, B, and C. The Friedman test

Fig. 6.
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Controller A, Participant C: Stimulation input for three revolutions.

used only the data from the participants who were used for
all three controllers. Post-hoc comparisons between the three
controllers were developed using Fisher’s least significant
difference (LSD) method to determine statistical significant
differences. The first Friedman test was performed on the average cadence error, ė1 , and determined that the choice of controller significantly affected the error (P = 0.0062). From the
posttest, it was determined that Controller A was significantly
different from Controller B (P = 0.0026), as was Controller
B from C (P = 0.0159). Noting the average cadence errors
in Table II, it is then concluded that Controllers A and C are
both significantly superior than Controller B, but not from each
other. The second Friedman test was conducted on the cadence
standard deviations, STD(ė1 ), and indicated that the controller
significantly affected the result (P = 0.0094). The posttest
determined that Controllers A and B are significantly different
(P = 0.0039) and so are Controllers B and C (P = 0.0209),
with Controllers A and C superior to B. The third Friedman
test was run on the average power errors, ė3 , and indicated that
the choice of controller did not significantly affect the result
(P = 0.1146). However, the posttest found only Controllers
A and C were significantly different (P = 0.0433) from each
other, with A being superior. The final Friedman test, ran on
the power standard deviations, STD(ė3 ), again determined
significant differences among the controllers (P = 0.0057).
The posttest determined Controllers A and B were significantly
different (P = 0.0015) and Controllers A and C were significantly different (P = 0.0433), with Controller A being
superior in both cases. Hence, experimental results from the
able-bodied population, indicate that Controllers A and C
outperform B in both cadence and power tracking. These
results indicate that the motor should control cadence for all
time and the muscles should track power in the FES regions.
Having the motor control cadence resulted in a reduction
in the cadence standard deviation and a more comfortable
participant experience due to less oscillatory pedaling
performance.
Regardless of the controller, Figs. 4, 7, and 9 indicate
that the measured cadence and power values fluctuate around
the desired values throughout the experiment. The cause of
these fluctuations can arise from system disturbances such
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Fig. 7. Controller B, Participant C: Desired versus actual cadence and power.
The mean cadence is 49.96±4.84 RPM and mean power is 9.98±1.46 W.

Fig. 8. Controller B, Participant C: Stimulation input to the participant’s six
muscle groups.

Fig. 10. Controller C, Participant C: Stimulation input to the participant’s
six muscle groups. Stimulation is identical for the right and left leg.

Fig. 11. Controllers A, B, and C, Participant C: Current input to the cycle’s
electric motor, filtered with a 1.2 s moving average for visual clarity.

Across all trials, the participant begins to show signs
of fatigue, evidenced by the increasing amount of
stimulation required to complete the tracking objective
(see Figs. 5, 8, and 10). Because FES nonselectively recruits
muscle fibers, closed-loop control offers one solution to
compensate for the effect of fatigue. To reduce fatigue,
the developed controller could have been implemented
using [46], but compensating for fatigue remains an
outstanding challenge in the use of FES [33]. Similarly,
while results such as [47]–[49] offer inroads to compensating
for neuromuscular delays, including such methods in more
complex switched systems required for coordinating limb
movements also remains an open challenge.
Fig. 9. Controller C, Participant C: Desired versus actual cadence and power.
The mean cadence is 50.00±0.66 RPM and mean power is 9.70±0.98 W.

D. Results From Neurologically Impaired Population

as chain links, the rider, or inaccurate modeling. Because
each controller is designed to account for these disturbances,
when the disturbance occurs, the controller is capable of
compensating for it and correcting the measured trajectory.
The degree of these fluctuations can be quantified using the
standard deviation of cadence, displayed in Table II.

Since Controllers A and C had comparable performance on
the control population and superior performance over Controller B, only they were implemented on the population with
neurological impairments to draw further conclusions. The
population with neurological impairments is labeled numerically. These participants possess NCs such as hemorrhagic
and ischemic stroke, SCI, spina bifida, and TBI. They also
had varying degrees of exposure to FES; those who had prior
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TABLE III
D EMOGRAPHICS OF P OPULATION W ITH N EUROLOGICAL I MPAIRMENTS

TABLE IV
C OMPARATIVE T RACKING R ESULTS FOR P OPULATION W ITH
N EUROLOGICAL I MPAIRMENTS : AVERAGE E RROR OF
T RACKING O BJECTIVES G IVEN AS ė ± STD(ė),
AND P ERCENT E RROR OF ė D URING
S TEADY S TATE O PERATION FOR
C ADENCE AND P OWER∗

Fig. 12. Participant 4 seated on the motorized recumbent FES cycle. Label A
indicates the encoder, label B indicates the powermeter, label C indicates the
electrodes, label D indicates the emergency-stop, label E indicates the filter
card, and label F indicates the stimulator. The electric motor is coupled to the
drive chain below the seat.

experience were typically quicker to acclimate to the stimulation and had higher stimulation thresholds. To evaluate a
participant’s level of activity (i.e., how often they regularly perform exercise) and capabilities, they were asked to self-report
if they regularly participate in physical or occupational therapy
(PT/OT) and if they used any physical aid in ambulation.
The participants’ self-reported demographics are provided
in Table III. Of the six participants, three suffered a stroke, all
of which had hypersensitivity to electrical stimulation due to
hemiparesis, resulting in lower stimulation thresholds. Stroke
participants also had asymmetric motor impairments which,
to varying degrees, affected limb coordination. Participant
3 lacks any sensation below the injury location and was unable
to volitionally contribute to the task due to an SCI (AIS A).
Controller A was implemented on all six participants and
Controller C was implemented on five of the six. By performing experiments on participants with diverse neuromuscular
conditions, the controller demonstrates stable tracking for a
range of rider capabilities. Participant 4 seated on the FES
cycle is shown in Fig. 12, and the experimental results are
displayed in Table IV.
Controller A demonstrated average cadence and power
tracking errors of 0.02±1.87 RPM and 0.00±2.46 W, respectively, and Controller C demonstrated average cadence and
power tracking errors of 0.01±1.82 RPM and −0.54±3.96 W,
respectively. To highlight the efficacy of the designed con-

trollers, Participant 3’s results are displayed in Figs. 13–16.
Participant 3’s results are depicted because he is paraplegic
and unable to volitionally contribute to the forward motion
of the crank; hence, any torque produced by the leg muscles
is only caused by the controllers. Using Controller A, plots
of his cadence and power performance and stimulation input
are provided in Figs. 13 and 14. Using Controller C, plots
of his cadence and power performance and stimulation input
are provided in Figs. 15 and 16, respectively. To compare the
current sent to the cycle’s motor for each controller, Fig. 17
displays the motor control input for Controllers A and C. For
Participant 3, Controller A drew an average of 33% more
current than Controller C.
1) Statistical Analysis and Discussion: Although the participants with neurological impairments all possessed unique
conditions, the following statistical analysis is provided to
compare the controllers’ ability to evoke desired behavior from
the cycle and rider. By analyzing the controllers and their
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Fig. 13. Controller A, Participant 3: Desired versus actual cadence and power.
The mean cadence is 50.02±2.35 RPM and mean power is 9.98±0.52 W.

Fig. 16. Controller C, Participant 3: Stimulation input to the participant’s
six muscle groups.

Fig. 14. Controller A, Participant 3: Stimulation input to the participant’s
six muscle groups.

Fig. 17. Control Inputs, Participant C: Current input delivered to the cycle’s
electric motor for Controllers A and C, filtered with a 1.2 s moving average
for visual clarity.

Fig. 15. Controller C, Participant 3: Desired versus actual cadence and power.
The mean cadence is 50.02±2.79 RPM and mean power is 9.80±0.74 W.

respective tracking results, arguments are made which can
potentially improve rehabilitation options across a spectrum of
capabilities. While the cadence error and standard deviation
are comparable for the two controllers, the average power
error and standard deviation are smaller for Controller A than
Controller C, though not statistically significant, i.e., α = 0.05
(using the available paired data sets, i.e., Participants 1–5).
It should be noted, however, because Controller C tracks power

discretely, it potentially masks asymmetries in the rider. That
is, because it updates the error and control input only once
per cycle, Controller C delivers identical stimulation to both
the right and left legs. Controller A uses a running integral to
track power, updates continuously, and can potentially better
accommodate asymmetries. As in the able-bodied population,
the measured cadence and power values fluctuated around
the desired values due to unmodeled disturbances, shown
in Figs. 13 and 15. Future tests on a split-crank cycle could
further explore differences for such asymmetries. Controller
A outperformed C in terms of power tracking and power
standard deviation but had a larger cadence standard deviation.
Accounting for the errors, standard deviations, and potential
masking of asymmetric characteristics, it is determined that
Controller A should be used for the population with neurological impairments, and power should be tracked instantaneously,
not discretely.
Controllers A and C were able to achieve power results
comparable to those reported in other experiments involving people with SCIs (e.g., an average PO of 8.0±2.1 W
with one leg at 25 RPM [8], an average steady state PO
of 16.0±3.6 W ranged 8.5-29.5 W in five participants after one
year of training [11], and an improvement from 8.4±1.0 W to
18.4±2.6 W in 11 participants after one year of training [12]).
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VI. C ONCLUSION
In this article, an FES cycling controller is developed to
track both cadence and instantaneous torque. The torque error
system uses a running integral to update the torque error in
real-time, compared to once per cycle in discretized tracking prevalent in other cycling methods. Using the proposed
controller, a Lyapunov-like switched system stability analysis
is conducted which guarantees global exponential cadence
tracking and uniform ultimate boundedness of the power
objective. Experiments were conducted on seven able-bodied
participants and six participants with neurological impairments
to evaluate the performance of the proposed controller.
A comparison was then made between three different FES
cycling controllers using experimental results in the same
populations. While the controllers varied in their control
authority and their method of tracking torque, all controllers
demonstrated the ability to accomplish the dual-objective of
cadence and power tracking; however, the developed controller
exhibited favorable performance and characteristics. These
results indicate that cadence should be controlled by the
electric motor for all time (i.e., within the FES and KDZ
regions) and power should be tracked instantaneously using
the large muscle groups of the legs in the FES regions.
Although this article provides a potential rehabilitation
strategy for populations with neurological impairments to
reduce negative secondary health effects, FES cycling can
be further improved. Future work includes investigating an
adaptive control scheme for torque control, investigating the
effects of modifying cadences and stimulation regions, clinical
trials, and accounting for the electromechanical delay observed
in neuromuscular electrical stimulation using methods other
than empirically based approaches.
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